Classical engines turn thermal resources into work, which is maximized for reversible operations. The quantum realm has expanded the range of useful operations beyond energy conversion, and incoherent resources beyond thermal reservoirs. This is the case of entanglement generation in a driven-dissipative protocol, which we hereby analyze as a continuous quantum machine. We show that for such machines the more irreversible the process the larger the concurrence. Maximal concurrence and entropy production are reached for the hot reservoir being at negative effective temperature, beating the limits set by classic thermal operations on an equivalent system.
Introduction. Engines rely on the ability to perform useful operations by exploiting incoherent resources. Typical examples are classical thermal machines, which extract work from a "working fluid" upon transfer of heat from a hot to a cold bath: the efficiency of such machines is defined by the ratio between the work produced and the heat absorbed from the hot bath. In the quantum realm, the working medium may provide a non-classical inner structure. New out-of-equilibrium scenarii can thus be envisioned, in which different quantized transitions are coupled to independent heat baths. This strategy can be used, e.g., to invert the population of some medium by optical pumping, and to extract work by stimulating the transition: as a matter of fact, lasers and micro-masers have for long been interpreted as out-of-equilibrium heat engines 1,2 .
More generally, optical pumping schemes are used to selectively prepare and maintain the working medium in a given non-trivial target steady state that is different from its thermal equilibrium state. In this spirit, the potential of achieving steady state entanglement of pairs of qubits through quantum optical bath engineering has started to be explored [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , most of the attention being focused on thermal baths as purely incoherent sources of non classical correlations [17] [18] [19] [20] [21] [22] ; however, for the latter protocols the amount of entanglement that can be generated without any additional feedback or filtering operation is typically rather modest 21, 22 . By using reservoirs acting on collective degrees of freedom of the qubits, the upper theoretical limit for the concurrence can be increased to C = 1/3, which is asymptotically reached only under unrealistically large temperature gradients between the two reservoirs 17, 19 .
While no work is effectively extracted, these operations are still typical of a machine, for they reach a useful goal (i.e., the preparation of some out-of-equilibrium desired steady state) by exploiting incoherent resources. This calls for the definition of new criteria to assess the performance of such devices operating in the continuous regime [23] [24] [25] . On a parallel route, looking at the inner structure of a quantum system as a thermodynamic resource can be exploited, e.g., to increase the efficiency of miniaturized engines [26] [27] [28] . In this Letter, we study and thermodynamically characterize an optical pumpingbased quantum machine, which allows for the generation of steady state entanglement in a bipartite system coupled to two incoherent reservoirs at different temperatures. We show that the machine performs all the better as its lead to larger amounts of steady-state entropy production, consistently with the irreversible character of the protocol. Our study is based on a general definition of entropy production taken from stochastic thermodynamics [29] [30] [31] [32] [33] , which interestingly allows to extend the theoretical analysis to the case of reservoirs with negative effective temperatures. This generalized definition of baths allows to increase the amount of steady state entanglement beyond the known limits imposed by classical heat baths at thermal equilibrium 17, 19 . Finally, we propose a practical realization of the quantum thermal machine based on two independent and incoherently pumped qubits that are coupled to a leaky cavity mode 34, 35 .
Optical pumping and steady state entanglement. As an elementary model of a driven-dissipative quantum machine producing steady state entanglement, we consider a generic bipartite quantum system consisting of two independent qubits of ground and excited levels respectively denoted |0 i and |1 i (i = 1, 2). The internal level structure of the composite system is then characterized by a diamond-like scheme, as represented in Fig. 1a , with degenerate transitions energies
are the two maximally entangled Bell states, respectively. The goal is to generate steady state entanglement by optically pumping the system in one of these states with high probability and by using incoherent resources, which can practically be realized by engineering some unbalance between the steady state population of |S and |A .
We assume the two qubits to be coupled to two independent effective baths, each one acting on a collective degree of freedom. The inverse temperatures of these baths are denoted as β A and β S , which are allowed to assume negative values 36 . The dynamics of the open quantum system is completely described by the master equation 37 for the density matrix ( = 1 and k B = 1 in the following)
is the Hamiltonian, and
is the Liouvillian operator in Lindblad form, with Dô(ρ) = 2ôρô † − {ô †ô , ρ}. We have introduced the collective operatorsĴ S =ĉ 1 +ĉ 2 andĴ A =ĉ 1 −ĉ 2 respectively, whereĉ i (ĉ † i , i = 1, 2) are destruction (creation) operators obeying anticommutation rules {ĉ i ,ĉ † j } = δ ij . We assume a common pumping rate for the two collective modes, i.e. Γ + i = Γ + for i = A, S, while we will allow for independent dissipation rates, Γ
in which the effective temperatures of the baths are given in units of ω 0 . The amount of steady state entanglement that can be generated is quantified from the degree of nonseparability of the given steady state ρ SS , i.e. the solution of the linear equation [ρ SS ,Ĥ 0 ] = iL(ρ SS ). As an entanglement measure we hereby use the concurrence 38, 39 , an entanglement monotone function defined for bipartite quantum systems as C(ρ) = max{0, λ 1 − λ 2 − λ 3 − λ 4 }, where λ 2 i are the eigenvalues of the Hermitian matrix ρρ ordered as λ 1 ≥ λ 2 ≥ λ 3 ≥ λ 4 , andρ = (σ y ⊗ σ y )ρ * (σ y ⊗ σ y ). For maximally entangled pure states such as, e.g., Bell states, the concurrence is bound to C[ρ] = 1. For the model above, the steady state concurrence can be analytically solved as (see App. A)
with
in which we defined S = exp(β A ) + exp(β S ), A = exp(β A ) − exp(β S ), and P = exp(β A + β S ). A plot of Eq. (4) is given in Fig. 1b as a function of the two inverse temperatures. As expected, the steady state is fully separable (C SS = 0) for balanced reservoirs, i.e. when β S β A . In this case, most of the stationary population is either in |G or |E on average, while the rest is in an equal mixture of the two Bell states |A and |S . On the other hand, an unbalance in the two thermal reservoirs allows for driving the system in a non-separable steady state, with the population of either |A or |S dominating over the other. The amount of entanglement is limited to the value C = 1/3 when classical thermal reservoirs at positive temperatures are assumed (see dashed lines superimposed to the color scale plot), as also inferred from the analytic expression above (App. A). This limiting value is reached when the cold bath is at zero temperature goes while the hot one is at infinite temperature. In such a case the population of the Bell states is unbalanced, such that 1/3 of the weight is in the entangled state coupled to the hot bath, while the rest of the, i.e. 2/3, is in the ground state, |G . A similar result was found in alternative models of bipartite quantum systems coupled to thermal reservoirs 17, 19 . Going beyond previous studies, we see that the optical pumping can be improved by relaxing the conditions of real thermal reservoirs with positive temperatures. If negative temperatures are authorized, maximal steady state entanglement is reached when the hot bath is at effective negative temperature, while the cold one at a positive and small one (Fig. 1b) . Then, the system is pumped into the maximally entangled state coupled to the negative effective temperature bath with 1/2 stationary probability, with zero probability in the other, giving the limiting value C SS = 1/2. This is a key result of this work: a bipartite quantum system can be optically pumped into a maximally entangled steady state by exploiting purely incoherent resources, with the largest concurrence reaching the limiting value of 0.5 if one of the two Bell states is coupled to a bath at negative effective temperature. In the absence of feedback or further purification of the steady state 22, 40, 41 , this is the theoretical limiting value. Notice that the regions with the highest concurrence are all outside the thermal region, which could in principle be reached with classic thermal baths. Notice also that the lower left region, corresponding to both reservoirs being at negative effective temperature, gives C SS = 0 due to the largest occupancy of the fully separable |E state, i.e. corresponding to the population inversion of the diamond at large pumping.
Entropy production and irreversibility. The optically pumped bipartite system is now analyzed in terms of its thermodynamic properties. The whole protocol aims at driving and maintaining a quantum system out of equilibrium and therefore, is irreversible by nature. The degree of irreversibility is quantified by the rate of steady state entropy production,Ṡ irr = [dS irr /dt] SS . If the reservoirs are real thermal baths, this rate is classically given bẏ
where the steady state heat currents are defined aṡ
In this classical case, Eq. (6) simply corresponds to the increase of entropy of the isolated system consisting of the two qubits and the two baths, consistently with the Second Law. Stochastic thermodynamics allows to extend the concept of entropy production to new regimes where incoherent resources do not reduce to thermal baths [29] [30] [31] [32] [33] . Here entropy production is defined at the single realization level, by comparing the respective probabilities of the realization in the direct and in some fictitious, reversed protocol. Such definition verifies the Second Law (the rate of entropy production is positive on average), and matches Eq. (6) if the reservoirs are thermal. Remarkably, based on stochastic thermodynamics it can be shown that the validity of Eq. (6) still holds in the case of reservoirs at negative effective temperature (see App. B). The results are shown in Fig. 1c as a function of β A and β S , displaying a striking correlation with the concurrence plot: our protocol can be seen as a machine operating in the steady-state regime, whose ability to generate entanglement is maximized with the entropy production rate.
A cavity QED-based implementation. A natural question is whether the theoretical model in Eq. (A2) can be practically realized in a physical system that is amenable to experimental implementation. We show here that this is the case for a quite straightforward cavity QED situation in which two independent and incoherently pumped qubits are coupled to a single radiation mode of an electromagnetic resonator, as schematically represented in Fig. 2a . Specifically, we consider a pair of point-like two level systems that are resonantly (ω cav = ω 0 ) coupled to a single-mode resonator at the same rate g ω 0 , such that rotating wave approximation is justified and their Hamiltonian is a two-emitters Tavis-Cummings model
whereâ (â † ) is the destruction (creation) operator of the single-mode cavity photons. The master equation describing the driven-dissipative system of Fig. 1b is thus
, where the full Liouvillian explicitly reads
in which p and γ are the incoherent pumping and relaxation rates of the two (identical) qubits, and κ describes the photon emission rate from the cavity. Notice that an incoherent pumping scheme is realized whenever highenergy excitations relax to a well defined ground state transition at a certain rate, even if the original source of excitation can be a coherent one (e.g., an off-resonant laser). The steady state of the full model can be solved numerically (see App. C). This model has been previously analyzed, e.g., in Ref. 35 , when it was evidenced that a steady state subradiant regime exists over a broad range of values κ/g, under weak pumping conditions p g. This system can be effectively described in the collective spin basis by adiabatically eliminating the cavity mode 34 , which is fully justified for κ/g > 1. In fact, under such conditions the cavity only acts as an additional dissipation channel in the reduced two-qubits subspace 35 in which each qubit is further relaxed at a rate Γ = 4g 2 /κ in addition to the intrinsic spontaneous emission at rate γ. Hence Eq. (8) can be recast exactly as Eqs. (A1) and (A2), after straightforward algebra with the following relations
The effective temperatures result now from combinations of the physical parameters of the model:
In the subradiant regime the system is optically pumped in the dark |A = |0; 0 state (i.e., the singlet in the |J; M J notation for eigenstates of the total angular momentum), thus creating an imbalanced population with respect to the |S = |1; 0 (triplet) state 35 , as schematically represented in the diamond-like level structure of Fig. 2a . This is confirmed by plotting the steady state concurrence of the two qubits in Fig. 2b ,c, which is evidently different from zero only when κ/g falls in the subradiant sector of the model. There exists an optical pumping range for which the system reaches its maximal concurrence, which also depends on γ/g. In particular, the maximal value is C SS 0.4 around p/γ 5 for the case shown in Fig. 2 , but it can be even larger and approaching the C SS = 0.5 limit for smaller values of γ/g (see, e.g., full numerical results in App. C). First, in Fig. 2b we show the ideal result for γ = 0, corresponding to the negative effective temperature reservoir coupled to the dark state, which gives the limiting value C SS → 0.5 when p/Γ → 0 (in agreement with the results in Fig. 1 ); the full model only follows the effective model for κ/g > 1, i.e. until the adiabatic elimination of the cavity mode holds. At difference with the general model of the previous section, here the A-S symmetry is broken since only the antisymmetric state is dark and, from Eq. (9), β S > β A . Hence, with reference to Fig. 1 , only the part above the β S = β A diagonal should be considered when dealing with this cavity QED implementation. In Fig. 2c we show the behavior of the steady state concurrence for γ = 10 −3 g, which is usually the case in most practical realizations of this quantum optical model, e.g. in solid-state cavity QED. While it is evident that the regime of non-separability narrows in κ as p increases, it should also be noted that for the proper values of κ the thermodynamic limit is overcome (i.e., C SS > 1/3) as soon as p > γ. The latter condition corresponds to the onset of negative effective temperature for the dark state reservoir (App. C).
Discussion. We propose and thermodynamically analyze a new protocol to generate steady state entanglement of a bipartite quantum system from incoherent resources. We show that this scheme can be interpreted as a continuous quantum engine whose performances are optimized when the entropy production rate is maximal. This effect makes this class of engines very different from classical engines, whose yield is usually maximized in the reversible regime.
We finally highlight the potential interest of this results from an experimental point of view: there are different platforms where these results at the forefront between quantum optics, quantum information, and quantum thermodynamics could be tested, ranging from semiconductor quantum dots spatially and spectrally matched to photonic nanoresonators [42] [43] [44] , to superconducting circuit quantum electrodynamics devices [45] [46] [47] . More quantitative information is provided in App. E. From the master equation
one can find the steady state ρ SS by imposing the condition
The solution expressed in the computational basis {|00 , |01 , |10 , |11 } has the general form
This can be easily interpreted as a consequence of the fact that the dissipative part of the Liouvillian involves coherent superpositions only in the {|S , |A } subspace.
According to the formal definition 38, 39 , the concurrence of a two-qubit density matrix ρ can be computed as follows:
• find the spectral decomposition of ρρ as
• after ordering the eigenvalues as
the concurrence of ρ is
For ρ = ρ SS as given in (A4) this reduces to
and, using the explicit solution
By using the definitions of effective temperatures (in units of ω 0 ) as given in the paper
one gets, after some algebra
in which we defined S = exp(β A ) + exp(β S ), A = exp(β A ) − exp(β S ), and P = exp(β A + β S ). It is easy to realize that both effective temperatures are treated symmetrically in the final expression, meaning that the system can in principle rely both on the symmetric or antisymmetric maximally entangled state to produce nonzero concurrence. Finally, it is also easy to show explicitly the behavior of the concurrence in some instructive cases. First, let us put β A = β S : this corresponds to equal effective temperatures that always produce a separable steady state. Indeed, we have A = 0 ⇒ N 1 = 0 and N 2 > 0, implying C(ρ SS ) = 0. One can also show that under these conditions the collective dissipators appearing in the master equation decouple into local ones. On the other hand, when β A = 0 and β S → +∞ we have N 1 exp(2β S )/2, N 2 exp((3/2)β S ) and d (3/2) exp(2β S ), and we reach the thermal limit
Finally, we can consider the extreme case β A → −∞, for which S exp(β S ), A − exp(β S ) and P 0 for every finite value of β S . The factors appearing in the formula for the concurrence are now
1/2 and d 1 + exp(2β S ) + (3/2) exp(β S ), and if β S is positive and large enough (to be precise, we should still ask |β A | β S so that e.g. the P 0 limit holds) we get the maximum
1 + e 2β S + (3/2)e β S → 1 2 (A14) As it can be seen in Fig. 2 of the paper, this limit is already approached in a wide region for moderately negative values of β A , and is well approximated even when |β A | < β S . Needless to say, given the symmetry of the problem all the calculations can be done in the same way for the case in which the roles of β A and β S are exchanged.
Appendix B: The steady state rate of entropy production
Here we formally derive the steady state entropy production rate, i.e.Ṡ irr appearing in the main text. Our analysis is based on general results from Stochastic Thermodynamics [29] [30] [31] [32] [33] . We consider a system S of Hamiltonian H = | i i | and coupled to two heat baths at inverse (possibly negative) temperatures β A and β S , respectively, via the Lindblad-type operators, L A and L S . We define ρ A (ρ S ) as the equilibrium state of L A (L S , such that L i [ρ i ] = 0 (i = A, S). The respective equilibrium states for each bath are given as ρ ∞ A = exp(−β A H) and ρ ∞ S = exp(−β S H). As a consequence of the coupling to the baths, the system evolves towards some out of equilibrium steady state,
We now describe the evolution of the system in a quantum trajectory picture. We use the quantum jump unraveling, which assumes the presence of detectors D A and D S in each bath recording the emission or absorption of one excitation. This corresponds to 4 Kraus operators, denoted as K ± , where = A, S and ± stands for emission and absorption, respectively. The no-jump operator is denoted as K 0 , such that
At each time step, one of these Kraus operators is stochastically applied to the state of the system.
The initial pure state of the system, | (t 0 ) , is randomly drawn from ρ SS with probability p[ (t 0 )]. The system then remains in a pure state whose stochastic evolution between time t 0 and t N can be fully reconstructed from the given time-ordered sequence of jumps,
, where K(t k ) is drawn from one the Kraus operators. More specifically, at each time step t k the system has a probability to jump
is the conditional probability of the sequence of jumps and no jumps, starting from the initial state | (t 0 ) . The probability of − → Σ verifies
By definition, the entropy produced during the trajectory − → Σ verifies
whereP [ ← − Σ ] is now the probability for the reverse trajectory to take place.
Note that this definition verifies the Second Law of thermodynamics,
, where the averages are taken over all trajectories with probability distribution
The probability of the reversed trajectory depends on the probability of its initial statep[ (t N )] and on the conditional probability
We have introduced the reversed jump operators 32, 33 , which can be written asK
Finally, the entropy production, Eq. (B2), splits into two terms,
The first (second) one represents the boundary (conditional) term. Averaging over all trajectories with probability distribution P [ − → Σ ], the boundary term reduces to the change of entropy of the system:
, where S is the system's Von Neumann entropy, S(t) = −Tr[ρ t log(ρ t )]. In the steady state, this mean boundary term vanishes and the average entropy production,
, is such thaṫ
whereṠ irr = dS irr /dt represents the steady state rate of entropy production.
Real thermal baths
As a paradigmatic classical case, we consider the quantum system with diamond-like level scheme (see Fig.  1a of the main text) to be coupled to two thermal baths with positive temperatures. It is straightforward to show that the rate On the other hand, it reduces to exp(−β i δQ i (t k )), where β i = β A (β S ), if the jump is registered in the bath coupled to A (S), and δQ i (t k ) = (t k+1 )|H| (t k+1 ) − (t k )|H| (t k ) is the variation in the system energy during the jump. In this case of real thermal baths with positive temperatures, the latter quantity actually corresponds to the heat exchanged from the system with the bath i. Finally, the average steady state entropy produced between t 0 and t N can be expressed as Note that in this textbook situation, the average value of entropy production computed using the tools of stochastic thermodynamics exactly matches the sum of the entropy changes of the system and the baths, which constitute an isolated system as a whole. This is in full agreement with classical Thermodynamics, according to which the entropy of an isolated system can only increase. Stochastic thermodynamics allows extending the definition of entropy production to arbitrary reservoirs or "stochastic maps" 32 . We now use this generalization to derive the entropy production rate in the case of effective heat baths which are allowed negative effective temperatures.
Effective thermal baths
In the case of effective baths A and S with negative inverse temperatures, β A and β S , it is straightforward to see that all the used formula remain valid. However, the physical interpretation of entropy production now purely relies on the tools of Stochastic Thermodynamics. In particular, the heat exchanged, Q A (Q S ), does not necessarily correspond to an actual energy variation of the bath A (S).
A concrete example to implement an effective bath can be found, e.g., in Ref. 48 , where the absorption of a photon between |g and |e actually corresponds to a resonant excitation of |g towards some ancillary level, |m , followed by the relaxation of |m towards |e at a very fast rate. In this specific example, the heat absorbed from the effective bath actually splits into the absorption of a photon from the drive resonant with the transition |g → |m , and the spontaneous emission of a photon resonant with the transition |m → |e . A negative effective temperature can be engineered, by tuning the intensity of the drive and the fast relaxation rate. The complete, microscopic description of the physical situation thus corresponds to a driven-dissipative scenario characterized by an infinite rate of entropy production because of the coupling to a zero-temperature bath. On the other hand, eliminating the ancillary level from the description brings us back to some effective thermal equilibrium where detailed balance is fulfilled and no entropy is produced. It is on this effective situation that we build our model in the present work. and
In the present case, we have d = 2 · 2 · (n max + 1) with n max ≤ 15 in the simulations shown in this work, which are largely sufficient for convergence. The steady state concurrence is then calculated on the reduced density matrix of the two qubits (q 1 ,q 2 ) obtained after tracing out the cavity (C) degrees of freedom
and following the procedure outlined in the previous Section: this is straightforwardly implemented in a routine that applies the spin-flipX = (σ y ⊗ σ y )(X) * (σ y ⊗ σ y ) operation and then finds and sorts the eigenvalues of ρ q1,q2ρq1,q2 .
Here we report the results of the scans over the model parameters p and κ (both in units of the qubit-cavity coupling), respectively, and for different values of the qubit relaxation rate, γ. As it can be seen in Fig. 3 of this Supplementary Information, for both cases there is an optimal region in the (p x , κ) plane where the concurrence is at a maximum. Notice that this happens for p x > γ and that the amount of steady state entanglement achievable in the model can exceed the C SS = 1/3 thermal limit. In particular, for the cases that we report here, generated numerically for n max = 15, we obtain C max SS 0.3869 for γ = 10 −3 g and C max SS = 0.4479 for γ = 10 −4 g. For γ = 10 −3 g, the maximal concurrence is obtained at p/γ 5 and κ/g 2, which is the case explicitly reported in Fig. 2 of the main text.
As a further potential implementation of the proposed model we mention superconducting circuit quantum electrodynamic devices, in which artificial atoms are realized by Cooper pair boxes, while high-quality resonators are implemented by coplanar transmission lines 49 . It should be noted that controlled coupling of a few qubits to a single resonator mode has already been experimentally tested [45] [46] [47] . Given the high control capabilities reached for these state-of-art devices, from the tunability of the single qubits transition frequencies to their effective dissipation rates, this platform seems particularly suited to investigate the quantum thermodynamic aspects of elementary quantum thermal machines. We also notice that the coupling rates in the range of g 0.1 to 10 MHz, and the dissipation rates κ few kHz to hundreds MHz (e.g., by increasing the temperature above the superconducting critical temperature of the material constituting the transmission line), make these practical implementations of the model span almost the full available range of radiative emission properties.
